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Abstract

The paper is aimed at to investigate the propagation of Rayleigh waves in a homogeneous, transversely
isotropic, piezothermoelastic half-space subjected to stress free, electrically shorted/charge-free and
thermally insulated/isothermal boundary conditions. Secular equations for the half-space in closed form
and isolated mathematical conditions in completely separate terms are derived. The secular equations for
stress free piezoelectric, thermoelastic and elastic half-spaces have also been deduced as special cases from
the present analysis. Finally, numerical solution of various secular equations and other relevant relations is
carried out for cadmium-selenide (6mm class) material. The dispersion curves and attenuation coefficients
of wave propagation are presented graphically, in order to illustrate and compare the analytical results. The
theory and numerical computations are found to be in close agreement. The coupling between the thermal/
electric/elastic fields in piezoelectric materials provides a mechanism for sensing thermomechanical
disturbances from measurements of induced electric potentials, and for altering structural responses via
applied electric fields. Therefore, the analysis will be useful in the design and construction of temperature
sensors and surface acoustic wave filter devices.
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1. Introduction

The theory of thermo-piezoelectricity was first proposed by Mindlin [1]. He also derived
governing equations of a thermo-piezoelectric plate [2]. The physical laws for the
thermo-piezoelectric materials have been explored by Nowacki [3–5]. Chandrasekharaiah
[6,7] has generalized Mindlin’s theory of thermo-piezoelectricity to account for the finite
speed of propagation of thermal disturbances. Several investigators [8–11] have studied the
propagation of waves in plates, cylinders and general three-dimensional bodies that are made
of thermo-piezoelectric materials. The propagation of plane harmonic waves in anisotropic
thermoelastic materials have been discussed by many authors [11–15]. The propagation of surface
waves in homogeneous thermoelastic media has been discussed by Chadwick [17] and Nayfeh
and Nasser [18]. Chadwick and Windle [19] studied the effect of heat conduction upon
the propagation of Rayleigh waves in the semi-infinite elastic solid (i) when the surface of
solid is maintained at constant temperature and (ii) when the surface is thermally insulated.
Chadwick and Atkin [20] corrected and extended the earlier work of Chadwick and Windle [19]
by reconsidering the same problem. Sharma and Singh [21] studied thermoelastic surface
waves in a transversely isotropic half-space. Yang and Batra [22] studied the effect of
heat conduction on shift in the frequencies of a freely vibrating linear piezoelectric body
with the help of two perturbation methods. It is shown that the first-order effect on frequencies
is to shift them by a small imaginary number thereby signifying that the effect of energy
dissipation due to heat conduction is to reduce the amplitude of vibration. Sharma and Kumar
[23] have studied the propagation of plane harmonic waves in piezothermoelastic materials.
Sharma and Pal [24,25] studied the propagation of Lamb waves in infinite piezoelectric elastic
plate and Rayleigh Lamb waves in magneto-thermoelastic homogeneous isotropic plate. The
wave propagation in elastic solid has been treated extensively in detail by Graff [26] and
Achenbach [27].
In pure solid half-space, the discovery of Rayleigh waves is tightly connected with the

earthquake spectrum analysis [28]. Owing to the slower attenuation of energy than that of the
body waves and the characteristics that it propagates along the surface, Rayleigh waves cause
destructive vibration to the structures. However, due to nonlinearity, it is difficult to get the exact
solution of the characteristic equation of Rayleigh waves in anisotropic media. As a result, though
many researches [29–32] have been carried out on the propagation of Rayleigh waves in
anisotropic solids. No problem, which analyses the propagation of surface waves in piezo-
thermoelastic half-space analytically, is available in the literature as per the knowledge of authors.
Recently, thermoelastic wave propagation has been studied by Sharma et al. [33] and Sharma [34]
in infinite piezothermoelastic media and plates. The coupling between the thermal/electric/elastic
fields in piezoelectric materials provides a mechanism for sensing thermomechanical disturbances
from measurements of induced electric potentials, and for altering structural responses via applied
electric fields. In view of this phenomenon, an attempt has been made in the present paper to
investigate the propagation of Rayleigh waves in piezothermoelastic, transversely isotropic half-
space that is subjected to stress free, thermally insulated/isothermal and electrically shorted/
charge free boundary conditions. The analytical results have been verified and computed
numerically for cadmium-selenide (CdSe) material plate, which are found to be in close agreement
with the analytical results.
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2. Basic equations

The equations governing linear piezoelectric thermoelastic interactions in homogeneous
anisotropic solid are [23]
(A) Strain–displacement relations:

Sij ¼
1
2
ðui;j þ uj;iÞ; i; j ¼ 1; 2; 3: (1)

(B) Stress–strain–temperature and electric field relations:

sij ¼ cijklSkl � bijT � ekijEk; i; j; k; l ¼ 1; 2; 3: (2)

(C) Equation of motion:

sij;j þ rFi ¼ r €ui; i; j ¼ 1; 2; 3: (3)

(D) Heat conduction equation:

KijT ;ij ¼ T0ðbij _ui;j � pi
_f;iÞ þ rCe

_T ; i; j ¼ 1; 2; 3: (4)

(E) Gauss equation:

Di;i ¼ 0; Di ¼ eijkSjk þ 2ijEj þ piT ; i; j; k ¼ 1; 2; 3; (5)

where Ei ¼ �f;i is the electric field and Di the electric displacement.
In Eqs. (1)–(5), r is the mass density, ui the mechanical displacement, Sij the strain tensor, sij the

stress tensor, T the temperature change of a material particle, T0 the reference uniform
temperature of the body, Kij the heat conduction tensor, cijkl the isothermal elastic para-
meters tensor, ekij the piezoelectric moduli, bij the thermal elastic coupling tensor, 2ij the
electric permittivity, Ce the specific heat at constant strain and pi are the pyroelectric moduli. The
comma notation is used for spatial derivatives and superimposed dot represent time
differentiation.
These parameters are assumed to satisfy the following conditions:
(i)
 The thermal conductivity Kij and electric permittivity 2ij are symmetric and positive definite.

(ii)
 The thermoelastic coupling tensor bij is non-singular.

(iii)
 The specific heat Ce at constant strain is positive.

(iv)
 The isothermal linear elasticities are positive definite in the sense that cijklSijSklX0:

(v)
 The piezoelectric moduli tensor ekij is symmetric with respect to i and j and pyroelectric

moduli pi is positive.
3. Formulation of the problem

We consider homogeneous transversely isotropic, thermally and electrically conducting
piezoelectric medium in the undeformed state at uniform temperature T0 and initial potential
f0: We assume that medium is transversely isotropic in such a way that planes of isotropy are
perpendicular to x3-axis. We take origin of the coordinate system ðx1;x2; x3Þ at any point on the
plane surface and x3-axis pointing vertically downward into the half-space, which is thus
represented by x3X0. We assume that surface x3=0 is stress free, thermally insulated/isothermal
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and electrically shorted/charge free. We chose x1-axis in the direction of wave propagation so that
all particles on a line parallel to x2-axis are equally displaced. Therefore, all the field quantities will
be independent of x2 coordinate. Further the disturbance is assumed to be confined to the
neighbourhood of the free surface x3=0 and hence vanishes as x3 ! 1: In linear theory of
homogeneous, transversely isotropic, coupled piezothermoelasticity, the basic governing field Eqs.
(3)–(5) for temperature change Tðx1;x3; tÞ; displacement vector ~uðx1; x3; tÞ ¼ ðu1; 0; u3Þ and electric
potential fðx1; x3; tÞ; in the absence of charge density, heat sources and body forces, are given by

c11u1;11 þ c44u1;13 þ ðc13 þ c44Þu3;13 þ ðe15 þ e31Þf;13 � b1T ;1 ¼ r €u1; (6)

ðc13 þ c44Þu1;13 þ c44u3;11 þ c33u3;33 þ e15f;11 þ e33f;33 � b3T ;3 ¼ r €u3; (7)

ðe15 þ e31Þu1;13 þ e15u3;11 þ e33u3;33 � 211f;11 � 233f;33 þ p3T ;3 ¼ 0; (8)

K11T ;11 þ K33T ;33 � rce
_T ¼ T0½b1 _u1;1 þ b3 _u3;3 � p3

_f;3
; (9)

where b1 ¼ ðc11 þ c12Þa1 þ c13a3; b3 ¼ 2c13a1 þ c33a3; a1; a3 and K11; K33 are, respectively, the
coefficients of linear thermal expansion and thermal conductivity, in the direction orthogonal to
axes of symmetry and along the axis of symmetry; r; and Ce are, respectively, the mass density and
specific heat at constant strain, cij are the isothermal elastic parameters, eij are the piezoelectric
constants, 211 and 233 are electric permittivities and p3 is pyroelectric constant. We define the
quantities

x0
i ¼

o�xi

vp

; t0 ¼ o�t; u0i ¼
ro�vpui

b1T0
; T 0 ¼

T

T0
; f0

¼
f
f0

; o� ¼
Cec11

K11
; 2¼

T0b
2
1

rCec11
;

vp ¼

ffiffiffiffiffiffi
c11

r

r
; p ¼

p3c11

b1e33
; c1 ¼

c33

c11
; c2 ¼

c44

c11
; c3 ¼

c13 þ c44

c11
; c4 ¼

c11 � c12

2c11
;

e1 ¼
e15 þ e31

e33
; e2 ¼

e15

e33
; 2̄ ¼

211

233
; 2p ¼

o�e33f0

vpb1T0
; 2Z ¼ Z32p; Z3 ¼

233c11

e233
;

o0 ¼
o
o�

; c0 ¼
c

vp

; d 0
¼

o�d

vp

; h0 ¼
hvp

o�
; x0 ¼

xvp

o�
; s0ij ¼

sij

b1T0
; b̄ ¼

b3
b1

;

K̄ ¼
K33

K11
; D0

i ¼
Di

b1T0
: ð10Þ

Here 2 is the thermo-elastic coupling constant, o� is the characteristic frequency of the medium,
2p is the piezothermoelastic coupling constant and vp is the longitudinal wave velocity in the
medium. Upon introducing the quantities (10) in Eqs. (6)–(9), we obtain

u1;11 þ c2u1;33 þ c3u3;13 þ 2pe1f;13 � T ;1 ¼ €u1;

c3u1;13 þ c2u3;11 þ c1u3;33 þ 2pðe2f;11 þ f;33Þ � b̄T ;3 ¼ €u3;

e1u1;13 þ e2u3;11 þ u3;33 � 2Zð2̄f;11 þ f;33Þ þ pT ;3 ¼ 0;

T ;11 þ K̄T ;33 � _T ¼2 ½ _u1;1 þ b̄ _u3;3 � 2pp _f;3
: ð11Þ

Here primes have been suppressed for convenience.
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The non-dimensional form of stresses and electric displacement components given by Eqs. (2)
and (5) in x1�x3 plane, are given by

s11 ¼ u1;1 þ ð1� 2c4Þu2;2 þ ðc3 � c2Þu3;3 þ ðe1 � e2Þf;3 � T ;

s33 ¼ ðc3 � c2Þu1;1 þ c1u3;3 þ 2Pf;3 � b̄T ;

s13 ¼ c2ðu1;3 þ u3;1Þ þ 2pe2f;1;

D1 ¼ e2ðu1;3 þ u3;1Þ � 2Zf;1

D3 ¼ ðe1 � e2Þu1;1 þ u3;3 � 2Zf;3 þ pT : ð12Þ

3.1. Boundary conditions

In order to study the effect of heat dissipation on propagation of waves due to
coupling between thermoelastic and pyroelectric fields, the surface x3 ¼ 0 of the half-space is
assumed to be stress free, thermally insulated/isothermal and electrically shorted/charge free.
Then the non-dimensional boundary conditions at the surface x3 ¼ 0 of the material are given as
below:
(i) Mechanical conditions (stress free surfaces): Because the surface of half-space is assumed to

be stress free so that

s33 ¼ ðc3 � c2Þu1;1 þ c1u3;3 þ 2pf;3 � b̄T ¼ 0; (13.1)

s13 ¼ c2ðu1;3 þ u3;1Þ þ 2pe2f;1 ¼ 0: (13.2)

(ii) Thermal conditions: The surface of half-space is subjected to thermally insulated or
isothermal conditions, which leads to

T ;3 þ hT ¼ 0; (13.3)

where h is the surface heat transfer coefficient. Here h ! 0 corresponds to thermally insulated
surface and h ! 1 refers to isothermal one.
(iii) Electrical conditions: The surface of half-space is either electrically shorted or maintained at

charge free conditions which respectively, implies that

f ¼ 0; (13.4a)

D3 ¼ ðe1 � e2Þu1;1 þ u3;3 � 2Zf;3 þ pT ¼ 0: (13.4b)
4. Formal solution

We assume solution of the form

ðu1; u3;f;TÞ ¼ ð1;V ;W ;S; ÞUeixðx1 sin yþmx3�ctÞ; (14)

where x is the wavenumber, o is the angular frequency and c ¼ ðo=xÞ is the phase velocity of the
wave. Here y is the angle of inclination of wave normal with axes of symmetry (x3-axis), m is an
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unknown parameter, V, W and S are, respectively, the amplitude ratios of displacement u3,
electric potential f and temperature change T to that of displacement component u1. The use of
Eq. (14) in Eqs. (11) leads to a system of following coupled equations in terms of the amplitudes
[1,V,W,S]T. We have

s2 þ c2m
2 � c2 c3ms 2pe1ms �s

c3ms c2s
2 þ c1m

2 � c2 2pðe2s
2 þ m2Þ �b̄m

e1ms e2s
2 þ m2 �2Zð2̄s2 þ m2Þ pm

c2 2 s c2 2 b̄m �c2 2 2ppm c2 þ zðs2 þ K̄m2Þ

2
6664

3
7775

1

V

W

S

2
6664

3
7775 ¼

0

0

0

0

2
6664

3
7775; (15)

where z ¼ io; s ¼ sin y: The system of Eqs. (15) has a non-trivial solution if the determinant
of coefficients of [1,V,W,S]T vanishes which leads to following polynomial characteristic
equation

m8 þ a1 þ
s2

K̄
þ

Fc2

zK̄

	 

m6 þ a2 þ a1

s2

K̄
þ

Fc2

K̄z
A1

	 

m4

þ a3 þ a2
s2

K̄
þ

Fc2

K̄z
A2

	 

m2 þ a3

s2

K̄
þ

Fc2A3

K̄z

	 

¼ 0; ð16Þ

where the coefficients ai and Ai; i ¼ 1; 2; 3 are defined in Appendix A. The characteristic equation
(16) is biquadratic in m2 and hence possesses four roots m2

i ; i ¼ 1; 2; 3; 4: Since, we are interested in
surface waves only so it is essential that motion is confined to free surface x3=0 of the half-space
so that the characteristic roots m2

i must satisfy the radiation condition ImðmiÞX0: Then the formal
solution for displacements, temperature change and electric potential is written as

ðu1; u3;f;TÞ ¼
X4
q¼1

ð1;Vq;W q;SqÞUq expfixðx1 sin y� mqx3 � ctÞg: (17)

The amplitude ratios V, W, and S for each mq; q ¼ 1; 2; 3; 4 can be expressed as

Vq ¼ R1ðmqÞ=RðmqÞ; W q ¼ R2ðmqÞ=RðmqÞ; Sq ¼ R3ðmqÞ=RðmqÞ; (18)

where RðmqÞ and RiðmqÞ; i ¼ 1; 2; 3 are given in Appendix A.
Upon using Eq. (17) in the constitutive relation (12), the stresses, electric displacement and

temperature gradient, are obtained as

ðs33; s13;D3;T ;3Þ ¼
X4
q¼1

ixðD1q;D2q;D3q;mqSqÞUq expfixðx1 sin y� mqx3 � ctÞg; (19)

where

D1q ¼ ðc3 � c2Þ sin yþ c1mqVq þ 2pmqW q �
b̄
ix

Sq; (20.1)

D2q ¼ c2mq þ c2 sin yVq þ 2pe2 sin yW q; (20.2)

D3q ¼ ðe1 � e2Þ sin yþ mqVq � 2ZmqW q þ pSq=ix; q ¼ 1; 2; 3; 4: (20.3)
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5. Derivation of the secular equations

5.1. Stress and charge free surface of the half-space

By invoking stress free, isothermal and charge free boundary conditions (13.1)–(13.4) at the
surface x3=0, we obtain a system of eight simultaneous linear equations in amplitudes Uq;
q ¼ 1; 2; 3; 4 as

X4
q¼1

D1qUq ¼ 0;
X4
q¼1

D2qUq ¼ 0;
X4
q¼1

D3qUq ¼ 0;
X4
q¼1

D4qUq ¼ 0; (21)

where D4q ¼ ðmq þ hÞSq; q ¼ 1; 2; 3; 4:
The system of Eqs. (21) has a non-trivial solution if the determinant of the coefficients of Uq;

q ¼ 1; 2; 3; 4 vanishes, which after applying algebraic reductions and manipulations, leads to a
characteristic equation for the propagation of modified guided waves in the piezothermoelastic
half-space. The corresponding secular equation is obtained as below:

D41G1 � D42G2 þ D43G3 � D44G4 ¼ 0; (22)

G1 ¼

D12 D13 D14

D22 D23 D24

D32 D33 D34

��������

��������
; G2 ¼

D11 D13 D14

D21 D23 D24

D31 D33 D34

��������

��������
;

G3 ¼

D11 D12 D14

D21 D22 D24

D31 D32 D34

��������

��������
; G4 ¼

D11 D12 D13

D21 D22 D23

D31 D32 D33

��������

��������
: ð23Þ

For thermally insulated (h ! 0) piezothermoelastic half-space, the secular equation (22) becomes

m1S1G1 � m2S2G2 þ m3S3G3 � m4S4G4 ¼ 0: (24)

Eq. (22) in case of isothermal ðh ! 1Þ piezothermoelastic half-space reduces to

S1G1 � S2G2 þ S3G3 � S4G4 ¼ 0: (25)

5.2. Stress free and electrically shorted surfaces of the half-space

Upon invoking the stress free, thermally insulated and electrically shorted boundary conditions
(13.1)–(13.4) at the surface x3 ¼ 0; we obtain

D41G
0
1 � D42G

0
2 þ D43G

0
3 � D44G

0
4 ¼ 0; (26)

where D4q ¼ ðmq þ hÞSq and G0
1;G

0
2;G

0
3;G

0
4 are obtained from Gi; i ¼ 1; 2; 3; 4 by replacing D3q

with W q in Eq. (23). The secular equation (26) in case of thermally insulated (h ! 0) and



ARTICLE IN PRESS

J.N. Sharma et al. / Journal of Sound and Vibration 284 (2005) 227–248234
isothermal ðh ! 1Þ surfaces of the half-space, reduce to

m1S1G
0
1 � m2S2G

0
2 þ m3S3G

0
3 � m4S4G

0
4 ¼ 0; (27)

S1G
0
1 � S2G

0
2 þ S3G

0
3 � S4G

0
4 ¼ 0; (28)

respectively. The secular equations (24)–(28) contain complete information about the phase
velocity, wavenumber and attenuation coefficient of the surface waves in a piezothermoelastic
half-space. In general, wavenumber and hence the phase velocities of the waves are complex
quantities, therefore the waves are attenuated in space. If we write

c�1 ¼ V�1 þ io�1Q; (29)

so that x ¼ R þ iQ; where R ¼ o=V and V, Q are real numbers. Also the roots of characteristic
equation (16) are, in general complex, and hence we assume that mq ¼ aq þ ibq; so that the
exponent in the plane wave solution (17) becomes

�R
Q

R
x1 sin yþ mI

qx3


 �
� iRfx1 sin y� mR

q x3 � Vtg;

where mR
q ¼ aq � bqQ=R; mI

q ¼ bq þ aqQ=R: This shows that V is the propagation velocity and Q
is the attenuation coefficient of the wave. Upon using representation (29) in secular equations
(23)–(28), the values of propagation speed V and attenuation coefficient Q for different modes of
wave propagation can be obtained. Since c0 ¼ c=Vp is the non-dimensional complex phase
velocity, so V 0 ¼ V=Vp and Q0 ¼ VpQ are the non-dimensional phase speed and attenuation
coefficient, respectively. Here dashes have been omitted for convenience. Eq. (17) can be rewritten
as

ðu1; u3;f;TÞ ¼ ð1;Vq;W q;SqÞU expf�Qx1 sin y� kI
qx3g expfi½k

R
q x3 � Rðx1 sin y� VtÞ
g (30)

with kq ¼ RðmR
q þ imI

qÞ ¼ kR
q þ ikI

q (say). From Eq. (30) it can be obtained that the disturbance
direction of Rayleigh wave inclines to the free surface with the angle of y ¼ cos�1ðmR

q Þ: Moreover,
it is apparent that

jkR
q j

2 � jkI
qj
2 ¼ R2fðmR

q Þ
2
� ðmI

qÞ
2
g; jkR

q jjk
I
qj cos d ¼ 1

2
R2mR

q mI
q:

As shown in Fig. 1, the phase plane (the plane vertical to vector kR
q ) and the amplitude plane (the

plane vertical to vector kI
q) are not parallel to each other any more. Therefore, the maximum

attenuation is not along the direction of wave propagation but along the direction of vector kI
q:
6. Special cases

6.1. Uncoupled thermoelasticity (piezoelectric half-space)

If we set 2¼ 0 ¼ p; the motion corresponding to thermal wave (T-mode) decouples from rest of
the motion and the various results reduce to those of stress free piezoelectric elastic half-space.
The secular equations for charge free and electrically shorted surface of half-space are,
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Fig. 1. Complex wave vector of Rayleigh waves in piezothermoelastic media.
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respectively, given as

D0
31F1 � D0

32F2 þ D0
33F3 ¼ 0; (31)

W 0
1F1 � W 0

2F2 þ W 00
3F3 ¼ 0; (32)

where

F1 ¼ D0
12D

0
23 � D0

22D
0
13; F2 ¼ D0

11D
0
23 � D0

21D
0
13; F3 ¼ D0

11D
0
22 � D0

21D
0
12;

D0
1q ¼ ðc3 � c2Þ sin yþ c1mqV 0

q þ mqW 0
q;

D0
2q ¼ c2mq þ c2 sin yV 0

q þ e2 sin yW 0
q;

V 0
q ¼ �R0

1ðmqÞ=R0ðmqÞ; W 0
q ¼ R0

2ðmqÞ=R0ðmqÞ;

R0
1ðmqÞ ¼ c2e3m

4
q þ fðe3 þ c2e2 � e1c3Þs

2 � e3c
2gm2

q þ e2s
2ðs2 � c2Þ

h i
;

R0
2ðmqÞ ¼ c1c2m

4
q þ ðPs2 � Jc2Þm2

q þ ðs2 � c2Þðc2s
2 � c2Þ; (33)

R0ðmqÞ ¼ mqs½ðc3e3 � c1e1Þm
2
q þ ðc3e2 � e1c2Þs

2 þ e1c
2
:

Here mq; q ¼ 1; 2; 3 are the roots of the equation

m6 þ a1m
4 þ a2m

2 þ a3 ¼ 0; (34)

where a1; a2; a3 are defined in Appendix A.
6.2. Stress free thermoelastic half-space

In the absence of piezoelectric effect, we have 2P ¼ 0 ¼ p; the various results reduce to those of
stress free thermoelastic plate. The secular equation (22) for isothermal and thermally insulated
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surface of half-space in this case becomes

D00
41F

0
1 � D00

42F
0
2 þ D00

44F
0
4 ¼ 0; (35)

where

F 0
1 ¼ D00

12D
00
24 � D00

22D
00
14; F 0

2 ¼ D00
11D

00
24 � D00

21D
00
14; F 0

4 ¼ D00
11D

00
22 � D00

21D
00
12;

D00
1q ¼ ðc3 � c2Þ sin yþ c1mqV�

q � b̄Sq=ix;

D00
2q ¼ c2mq þ c2 sin yV�

q; (36)

D00
4q ¼

S�
q; for isothermal;

mqS�
q; for thermally insulated;

(

V�
q ¼

mqaq= sin y; q ¼ 1; 2;

�ðc2m
2
q þ sin2y� c2 þ c3 sin yS�

qÞ=c3mq sin y; q ¼ 4;

(

S�
q ¼

½ðc2 þ c3aqÞm
2
q þ s2 � c2
=s; q ¼ 1; 2;

½ðc1m
2
q þ c2 sin

2 y� c2Þðc2m
2
q þ sin2 y� c2Þ � c23m

2
q sin

2 y


sin y½ðc1 � c3b̄Þm2
q þ c2 sin

2 y� c2

; q ¼ 4;

8>><
>>: (37)

aq ¼ b̄
½c2m

2
q þ ð1� c3=b̄Þs2 � c2


ðc1 � c3b̄Þm2
q þ c2s2 � c2

:

Here mq; q ¼ 1; 2; 4 are roots of the equation obtained by equating to zero the determinant of Eq.
(15) after ignoring third and fifth rows and columns. Eq. (35) has been solved and discussed in
detail by Sharma and Singh [21] for transversely isotropic half-space.

6.3. Stress free elastic half-space

In the absence of piezoelectric, pyroelectric and thermal effects, the various secular equations
take the form

D�
11D

�
22 � D�

21D
�
12 ¼ 0; (38)

where

D�
1q ¼ ðc3 � c2Þ sin yþ c1mqV 00

q; D�
2q ¼ c2ðmq þ sin yV 00

qÞ; q ¼ 1; 2;

V 00
q ¼ �

c3mqs

c1m2
q þ c2s2 � c2

¼ �
c2m

2
q þ s2 � c2

c3mqs
; q ¼ 1; 2: (39)

Here the roots m1 and m2 are given by

m2
1 þ m2

2 ¼
�ðPs2 � Jc2Þ

c1c2
; m2

1m
2
2 ¼

ðs2 � c2Þðc2s
2 � c2Þ

c1c2
: (40)
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Eqs. (35) and (38) have also been obtained by Sharma et al. [33] for transversely isotropic plate
and in case of isotropic materials by Sharma [34].
7. Numerical results and discussion

The material chosen for the purpose of numerical calculations is CdSe (6mm class) of
hexagonal symmetry, which is transversely isotropic material. The physical data for a single
crystal of CdSe material is given below:

c11 ¼ 7:41� 1010 Nm�2; c12 ¼ 4:52� 1010 Nm�2; c13 ¼ 3:93� 1010 Nm�2;

c33 ¼ 8:36� 1010 Nm�2; c44 ¼ 1:32� 1010 Nm�2; b1 ¼ 0:621� 106 NK�1 m�2;

b3 ¼ 0:551� 106 NK�1 m�2; e13 ¼ �0:160Cm�2; e33 ¼ 0:347Cm�2; e51 ¼ �0:138Cm�2;

211 ¼ 8:26� 10�11 C2 N�1 m�2; 233 ¼ 9:03� 10�11 C2 N�1 m�2; Ce ¼ 260 J kg�1 K�1;

p3 ¼ �2:94� 10�6 CK�1 m�2; Y r ¼ 4:48� 1010 Nm�2; ar ¼ 4:4� 10�6 K�1;

a1 ¼ 3:92� 10�12 CN�1; K1 ¼ K3 ¼ 9Wm�1 K�1; r ¼ 5504kgm�3; T0 ¼ 298K:

The roots mi; i ¼ 1; 2; 3 . . . ; 8 of the biquadratic equation (16) have been obtained numerically
by using Descartes’ procedure, which are then used in various subsequent relevant relations and
secular equations. The secular equations (22), (26), (31) and (32) are solved by iteration method to
obtain the phase velocity of wave propagation. The phase velocity ðV=

ffiffiffiffi
c2

p
Þ profiles in different

directions of wave propagation for an electrically shorted/charge free, isothermal/thermally
insulated stress free surface of half-space for various values of non-dimensional wavenumber (R)
have been obtained. The velocity profiles for piezothermoelastic half-space subjected to various
boundary conditions are given in Figs. 2–5. The attenuation coefficient for the wave propagation
has also been computed and represented in Figs. 6–9. In order to see the effect of thermal and
pyroelectric fields on velocity and attenuation in Rayleigh wave, the corresponding quantities are
also computed and shown graphically for piezoelectric elastic half-space. These quantities are
plotted in Figs. 10–13.
The variation of non-dimensional phase velocity with wavenumber for charge free isothermal

and thermally insulated surface of the half-space is shown in Figs. 2 and 3, respectively. From
these figures it is clear that the phase velocity curves are dispersive only for small values of
wavenumber in the range 0pRp2; but for higher values of wavernumber (R42), these become
almost non-dispersive. The magnitude of Rayleigh wave velocity is observed to be higher in
thermally insulated case than that of isothermal one. The directional dependence of velocity is
also clear from Figs. 2 and 3, which shows that phase velocity increases as wave normal
inclination progresses from the axis of symmetry to the free surface which has maximum value for
y ¼ 90� and minimum value along y ¼ 15�: Thus the Rayleigh wave velocity is maximum when
wave propagates along the free surface and minimum when it travels perpendicular to free surface
of the half-space. Figs. 4 and 5 represent the variation in phase velocity for electrically shorted
(isothermal and thermally insulated) surface of the half-space. For isothermal case the trend of
variations is not similar in all directions of propagation. For the directions close to the x3-axis
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Fig. 2. Variation of phase velocity with wavenumber in various directions (charge free and isothermal boundary
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Fig. 3. Variation of phase velocity with wavenumber in various directions (charge free, thermally boundary

conditions).
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(y ¼ 15�; 30�; 45�) the phase velocity has maximum value at zero wavenumber, which then
decreases to attain asymptotically linear value at higher values of the wavenumber. Along other
directions phase velocity increases in the interval 0pRp2 and then the variation becomes linear.
There are cross over points for various dispersion curves in different directions in the region
0:5pRp1:0: When the surface of half-space is thermally insulated, the phase velocity decreases
from its maximum value at small values of wavenumber to attain the constant value at higher
values of wavenumber. The trend of variation is almost same in all directions.
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Fig. 4. Variation of phase velocity with wavenumber in various directions (electrically shorted and isothermal
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Fig. 5. Variation of phase velocity with wavenumber in various directions (electrically shorted and thermally insulated

boundary conditions).
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The attenuation of Rayleigh wave propagating in piezothermoelastic half-space is shown in
Figs. 6–9 for different boundary conditions at the surface. The variation in attenuation coefficient
(Q) with wavenumber for charge-free (isothermal and thermally insulated) surface of the half-
space is shown in Figs. 6 and 7, respectively, whereas this quantity for electrically shorted
(isothermal and thermally insulated) surface of the half-space is plotted in Figs. 8 and 9,
respectively. The magnitude of attenuation coefficient along y ¼ 15� is taken one-tenth of the
original one in the plot of Figs. 6 and 7 for better clarity. From all these curves it is clear that
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attenuation is maximum along the direction y ¼ 15� and least along y ¼ 90�: Hence there will be
more dissipation of energy when the wave penetrate inside the medium than that when it
propagate along the surface. This result is also in agreement with the phase velocity profiles where
velocity is more along the directions close to the surface and small along the directions near to
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x3-axis. For the directions other than y ¼ 15�; the attenuation is very very small for all the
situations discussed except when the surface of half-space is electrically shorted and thermally
insulated. In this case significant attenuation is observed in all the directions. It means that all the
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Fig. 10. Variation of phase velocity with wavenumber in various directions in charge free piezoelectric half-space.
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space.

J.N. Sharma et al. / Journal of Sound and Vibration 284 (2005) 227–248242
fields namely elastic, thermal and electric are coupled strongly with each other in such a situation.
Some more curves has been obtained to see the variation of attenuation coefficient with
wavenumber in the range y ¼ 15� to 301. These curves are shown in Figs. 14a–d for charge free
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and electrically shorted boundaries of the plate, respectively. In case of charge free plate the
attenuation coefficient is observed to have minimum value along the direction y ¼ 20�; the
corresponding curve not shown in Fig. 14a but its magnitude is about one-hundredth to that
along other directions.
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The phase velocity and attenuation coefficient are also computed for piezoelectric half-space.
The variation in phase velocity with wavenumber is shown in Fig. 10 for charge free surface and in
Fig. 11 for electrically shorted surface of piezoelectric half-space. The variation in phase velocity is
observed to be dispersive in the interval 0pRp2; whereas at higher values of the wavenumber it is
almost linear. It means that half-space behave like a dispersionless medium for higher values of
wavenumber. In both the cases the velocity is minimal when the value of non-dimensional
wavenumber is unity. Since it is clear from these figures that the velocity is highly dependent on
direction of propagation and has maximum value along y ¼ 90� and minimum along y ¼ 15�:
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Because velocity is least when the value of non-dimensional wavenumber is unity, so attenuation
of wave should be maximal at this range of values of the wavenumber. This fact is quite clear from
Figs. 12 and 13, where maximum attenuation is observed when the value of non-dimensional
wavenumber is unity. At higher values of wavenumber (42) the attenuation is almost negligible.
The magnitudes of attenuation coefficient in piezoelectric half-space are very small in magnitude
as compared to that in piezothermoelastic half-space. This is due to the fact that dissipation of
energy increases with the coupling of thermal and pyroelectric fields with elastic field. Moreover,
the comparison of corresponding phase velocity and attenuation profiles for piezothermoelastic
and piezoelectric half-space reveals that there is a slight shift of some critical points on the
dispersion curves in the former case as compared to compared to the latter one. This establishes
the fact that the effect of heat conduction on shift in the frequencies by a small imaginary number
thereby signifying the effect of energy dissipation due to heat conduction is to reduce the
amplitude of vibrations.
8. Conclusion

The Propagation of Rayleigh waves in a transversely isotropic piezothermoelastic medium
subjected to stress free, charge free/electrically shorted and isothermal/thermally insulated
boundary conditions at the surface of half-space has been discussed. The secular equations in
closed and simple form have been derived. The analysis for elastic, piezoelectric and thermoelastic
half-space has been deduced as particular cases from the present one. The variation of phase
velocity with non-dimensional wavenumber has been shown graphically for CdSe (6mm class)
material. The velocity profiles are also obtained for piezoelectric half-space in order to observe
and note the effect of thermal and pyroelectric fields. In addition to this, attenuation coefficients
of waves are also computed and represented graphically with wavenumber. The phase velocity
profiles are observed to be dispersive at low values of wavenumber whereas at higher values of
wavenumber these have asymptotically linear behaviour. This means that half-space behaves as
dispersive medium for Rayleigh wave only for low values of wavenumber. The attenuation is
maximal when the wave penetrates deep into the medium and minimum when it propagates along
the surface of half-space. The attenuation is more in piezothermoelastic media than that for
piezoelectric one. This may be due to coupling of thermal and pyroelectric fields with elastic fields
in piezoelectric media. The analytical and numerical results are found to be in close agreement.
The results provide evidence that piezoelectric elements can be used effectively as temperature
sensors and helps in the construction of intelligent structural systems. This study will be useful in
the design and construction of temperature sensors and surface acoustic wave (SAW) filter
devices.
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Appendix A

The coefficients ai; Ai; i ¼ 1; 2; 3 in Eq. (16) and RðmqÞ;RiðmqÞ; i ¼ 1; 2; 3 in Eq. (18) are given as

a1 ¼
Ps2 � Jc2 þ 2̄c1c2s

2 þ 2̄Z½ð2c2e2 � 2c3e1 þ e21c1 þ 1Þs2 � c2


c1c2 þ 2̄Zc2
;

a2 ¼

2̄s2ðPs2 � Jc2Þ þ ðs2 � c2Þðc2s
2 � c2Þ þ 2̄Z

ðe21c2 þ e22c2 � 2c3e1e2Þs
4

�e21s
2c2 þ 2e2s

2ðs2 � c2Þ

" #

c1c2 þ 2̄Zc2
;

a3 ¼
s2ðs2 � c2Þ½2̄ðc2s

2 � c2Þ þ 2̄Ze
2
2s

2


c1c2 þ 2̄Zc2
;

A1 ¼
fE1ðP

0s2 � J 0c̄2Þ þ ¯̄2C1C2s
2 þ 2̄Z½ð2C2ē2 � ðE þ 1Þē1C3 þ ē21C1 þ E2Þs2 � E2c̄2
g

C1C2E1 þ 2̄ZE
2C2

;

A2 ¼

¯̄2s2ðP0s2 � J 0c̄2Þ þ E1ðs
2 � c̄2ÞðC2s

2 � c̄2Þ

þ2̄Z½ðē
2
1C2 þ ē22C2 � 2C3ē1ē2Þs

4 þ 2Eē2ðs
2 � c̄2Þs2 � ē21s

2c̄2


( )

C1C2E1 þ 2̄ZE
2C2

;

A3 ¼
s2ðs2 � c̄2Þ½2̄Zē

2
2s

2 þ ¯̄2ðC2s
2 � c̄2Þ


C1C2E1 þ 2̄ZE
2C2

;

RðmqÞ ¼ �2Ps

½c3ðb̄2̄Z � pÞ þ ðb̄þ pc1Þe1 � c12̄Z � 1
m4
qþ

½c3ðb̄2̄Z2̄ � pe2Þ þ e1ðpc2 þ b̄e2Þ � 2e2 � 2̄Zð2̄c1 þ c2Þs
2 � ðpe1 � 2̄ZÞc

2
m2
q

�s2½ð2̄Z2̄c2 þ e22Þs
2 � 2̄Z2̄c2


8><
>:

9>=
>;;

R1ðmqÞ ¼ 2Pmq

c2ðb̄2̄Z � pÞm4
qþ

f½b̄2̄Zð2̄c2 þ 1Þ þ e21b̄� pð1þ c2e2 � c3e1Þ � ð2̄Zc3 þ e1Þ
s
2 � ðb2̄Z � pÞc2gm2

q

þs2½ðs2 � c2Þðb̄2̄Z2̄ � pe2Þ � ðc32̄Z2̄ þ e1e2Þs
2


8><
>:

9>=
>;;

R2ðmqÞ ¼ mq

ðpc1 þ b̄Þc2m4
q þ ½pðPs2 � Jc2Þ þ b̄ðs2 � c2Þ þ ðe1c1 � c3 þ b̄e2c2 � b̄c3e1Þs

2
m2
q

þðs2 � c2Þ½ðpc2 þ b̄e2Þs
2 � pc2
 þ ðe1c2 � c3e2Þs

4 � e1c
2s2

( )
;



ARTICLE IN PRESS

J.N. Sharma et al. / Journal of Sound and Vibration 284 (2005) 227–248 247
R3ðmqÞ ¼ 2P

c2ð1þ 2̄Zc1Þm
6 þ

�fc3ðc32̄Z þ e1Þ þ e1ðc3 � e1c1Þgs
2 þ ð2̄c1 þ 1Þðs2 � c2Þ

þc2fc12̄Z2̄ þ c22̄Z þ 2e2Þs
2 � 2̄Zc

2g

" #
m2

q

þ
f�c3ðc32̄Z2̄ þ e1e2Þ þ e1ðe1c2 � e2c3Þgs

4 þ c2s
2f2̄Z2̄ðc2s

2 � c2Þ þ e22s
2g

þðs2 � c2Þfðc12̄Z2̄ þ c22̄Z þ 2e2Þs
2 � 2̄Zc

2g � e21c
2s2

" #
m2

q

þðs2 � c2Þs2f2̄Z2̄ðc2s
2 � c2Þ þ e22s

2g

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
;

where

C1 ¼
ðc1þ 2 b̄

2
Þ

1þ 2
; C2 ¼

c2

1þ 2
; C3 ¼

c3þ 2 b̄
1þ 2

; ē1 ¼
e1� 2 p

1þ 2
; ē2 ¼

e2

1þ 2
;

E ¼
ð1� 2 b̄pÞ

1þ 2
; ¯̄2 ¼

2̄

1þ 2
; E1 ¼

ð1� 2 p2=Z3Þ
1þ 2

; c̄2 ¼
c2

1þ 2
;

P ¼ c1 þ c22 � c23; J ¼ c1 þ c2; P0 ¼ C1 þ C2
2 � C2

3; J 0 ¼ C1 þ C2;

F ¼
ð1þ 2 Þ

3C2ðC1E1 þ 2̄ZE
2Þ

c2ðc1 þ 2̄ZÞ
:
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